We discuss the structure of periodic points of a linear transformation and find the possible set of the primitive periods of periodic points of a linear transformation.
Introduction
A dynamical system is a self map T : X → X. The dynamics of the system is obtained by iterating the function T. We write T •n for the nth iterate of T, i.e., T •n (X) = T(T •n−1 (X)). ( We use this less standard notation to avoid possible confusion with the notation f n (x), which means raising a polynomial f (x) to the power of n.) An element α ∈ X is called a periodic point of T if T •n (α) = α for some n ∈ N. For a periodic point α, we will say α has period n if T •n (α) = α and the smallest such positive integer n is called the primitive period of α. In this paper, we are interested in the relation between the periodic points of a given map T. So we will drop the indication of T and use P n to denote the set of periodic points of T which have period n. We also denote the set of periodic points of T which have primitive period n by n . Clearly, we have n ⊆ P n and if α ∈ P n then α ∈ d for some d | n. By definition it is also clear that if n | m then P n ⊆ P m . In general, there seems no relation between n and m even for n | m. However, there do exist examples that for n | m, n is related to m . For example, let T : C → C be defined by T(x) = x 2 . n is the set of primitive 2 n − 1th roots of 1 and hence for n | m, E-mail elements of n can be generated by raising elements of m to the 1 + 2 n + 2 2n + · · · + 2 ((m/n)−1)n th power. For the case that T is an automorphism of a formal group over a local field, we can consider T as a map from the maximal ideal of the integral closure of the algebraic closure of K to itself. Let K( n ) be the field generated by n over K. Then in this case, we have K( n ) ⊆ K( m ) when n is large enough and divides m (see [5] ). For a prime number p, let F p be the finite field of p elements and let T(x) = x + x p . We can consider T as a map from the algebraic closure of F p to itself. In this case, if q is another prime such that p is a primitive root modulo q 2 , then in [2] , Batra and Morton show that
When T is a linear transformation of a vector space V over a field K, it is clear that P n is a vector space for every n ∈ N. Let E n be the vector space generated by n . Then since P n = ∪ d|n d , we have P n = ∪ d|n E d . Suppose that K is an infinite field. Then since P n cannot be written as a finite union of its proper subspaces (see [4] ), it implies that P n = E d for some d|n. However, by definition,
and hence if n is not empty then since P d P n for d|n and d = n, we conclude that P n = E n . In other words, if n is nonempty, then P n is the vector space generated by n . In particular, for d | n, since d ⊆ P d ⊆ P n , every periodic point of primitive period d is in the linear span of periodic points of primitive period n. This leads us to investigate the relations between periodic points of a linear transformation. In this paper, we concentrate on the structure of periodic points and show that over a finite field K, it is also true that P n is the vector space generated by n , providing n is not empty. This gives a generalization of Batra and Morton's result in [2] mentioned above. We also introduce the concept of pure periodic points which help us to determine the set of primitive periods. The set of primitive periods has been studied in [1] for the case that T is a linear transformation on the space C n , R n and l 2 , respectively. For an additive polynomial over a field of positive characteristic, the set of primitive periods is completely studied in [6] . We extend the results in [1] to a more general setting and provide a more conceptual approach for the results in [6] .
Basic results
In this section, V is a vector space over a field K and T is a K-linear transformation from V to V . Let v ∈ P m be a periodic point of T of period m. Then the primitive period of v must divide m. Moreover, suppose that u, v ∈ V are periodic points of T of primitive period m and n respectively. Let l = lcm(m, n) be the least common multiple of m and n. Then since m | l and n | l, we have 
Proof. By the argument above, the primitive period of u + v divides mnd. Therefore, we can assume that the primitive period of 
divides both m and n, this contradicts to the assumption that gcd(m, n) = 1. Therefore, we must have
Let u, v be periodic points of T and u ∈ md , v ∈ nd , where gcd(m, n) Proof. Suppose that the primitive period of u + v is not n. By Lemma 2.1, the primitive period of 
Structure of periodic points
In this section, we need the assumption that V is a finite dimensional vector space over K. For investigating further about the primitive period of the summation of two periodic points, we review the primary decomposition theorem (see [ 
and hence w = 0. This says that there exists a nonzero periodic point in W if and only if x has finite order in
Next we remark that if p(x) is irreducible and the characteristic of K is a prime p, then p cannot divide
hence by the irreducibility of
This contradicts to the assumption that n is the least positive integer such that x n ≡ 1 (mod p(x)). Now, because the derivative of x n − 1 is nx n−1 and n is not divisible by the characteristic of K, it implies that x n − 1 has no multiple roots and
On the other hand, if the characteristic of K is a prime p, then for p r we have p 2 (x) x nr − 1.
Now, we can apply Theorem 3.1 to describe the structure of periodic points of a linear transformation. Proof. From the discussion above, every nonzero element in V j is not a periodic point for r +1 ≤ j ≤ s. Therefore, we concentrate on the T-cyclic subspace
is a nonzero periodic point of T with primitive period n. Then n is the smallest positive integer such that p
. Suppose that the characteristic of K is 0. By the argument above,
and hence p
. This shows that the order of
. Thus, every nonzero periodic point in V i is an element of the T-cyclic subspace generated by p
In other words, every nonzero element of the T-cyclic subspace generated by
is a periodic point of period n i and hence it is a periodic point of primitive period n i .
For the case that the characteristic of K is p, since the order of For a prime p, Corollary 2.3 tells us that U p r = P p r−1 for r ∈ N. Therefore, every element in p r is a pure periodic point. Moreover, if w ∈ p r and u ∈ U p r , then w + u ∈ p r and hence w + u is also a pure periodic point. This can be generalized as the following. Proof. Since w, u ∈ P m , it is clear that w + u ∈ P m . However, w + u ∈ U m ; otherwise w + u ∈ U m and u ∈ U m would imply w ∈ U m . This shows w + u ∈ m and hence w + u is a pure periodic point.
By Lemma 3.5, we immediately have the following. By Proposition 3.7, clearly every nonzero element in W i is a pure periodic point. Using the primary decomposition of periodic points of T, every periodic point can be written as a summation of pure periodic points. Knowledge of pure periodic points provides us some information about the primary decomposition of periodic points. In particular, the primitive periods of pure periodic points completely determine the set of primitive periods.
In order to know the existence of pure periodic points of primitive period n, we need to study the dimension of P n /U n over K. For a given n ∈ N, denote c n the dimension of P n over K and r n the dimension of the quotient space P n /U n over K. Let β 1 ⊆ P 1 be a set of r 1 = c 1 elements such that elements in β 1 form a basis of P 1 . Similarly, we construct β 2 ⊆ 2 such that all the r 2 elements in β 2 modulo U 2 form a basis of P 2 /U 2 . Since U 2 = P 1 , it is clear that all the r 1 + r 2 elements in β 1 ∪ β 2 form a basis of P 2 . Using this process inductively, for every n ∈ N, we construct β n ⊆ n such that all the r n elements in β n modulo U n form a basis of P n /U n . In fact, by Proposition 3. In general, there might not exist a pure periodic point of a given primitive period. Next, we show that even if there is no pure periodic point of primitive period m, we still can use periodic points of primitive period m to create all the periodic points of period m. We decompose P m into a direct sum of two subspaces V 1 and V 2 , where V 1 (resp. V 2 ) is a direct sum of the T-cyclic subspaces W j such that the minimal polynomial of T| W j is divisible (resp. not divisible) by p(x). Clearly, w ∈ V 1 and by Proposition 3.2, every nonzero element in V 1 has primitive period m p t for some t ∈ N ∪ {0}.
Let v be a periodic point of primitive period m and suppose that the primitive period of v + w = u is n. If n = m, then w = u−v with both u, v ∈ m and we are done. If n = m, then by Corollary 2.3, m n. We write u as u = u +u , where u ∈ V 1 and u ∈ V 2 . Let the primitive period of u and u be n and n respectively. Then since V 1 ∩V 2 = {0}, we have lcm(n , n ) = n. Moreover, since m n and u ∈ V 1 , we have n = m p t for some t < h for the case h ≥ 1, and n = 1 for the case h = 0. In other words, n | m and hence the primitive period of u − w divides lcm(n , m ) = m . Since v = u − w = (u − w) + u with u − w ∈ V 1 and u ∈ V 2 , we have that m | lcm(m , n ). On the other hand, both m and n divide m and hence m = lcm(m , n ). Now, let w = w + u . The primitive period of w is lcm(m , n ). In other words, w ∈ m . Since u ∈ W 2 , there exists a polynomial g(
Thus w is in the vector space generated by m .
Periodic points of an additive polynomial on the algebraic closure of a field of positive characteristic
Let K be a field of characteristic p and K be a fixed algebraic closure of
be an additive polynomial. It is clear that T : K → K is a linear transformation over F p . Though the dimension of K over F p is not finite, the subspace of periodic points of T of period m is a finite set and hence is finite dimensional over F p . Therefore results in previous section can be applied.
For a map on an algebraically closed field of characteristic p defined by a polynomial, the set of its primitive periods is completely studied in [6] . For the case of additive polynomial, the result can be derived from the point of view of Drinfeld modules. However, we can utilize our previous results to get the same result. First we need some information about the multiplicity of periodic points. 
